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- Proof techniques in RMT
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1. Motivating Questions and Building Blocks, Fabian Pedregosa

2. Introduction to Random Matrix Theory, Courtney Paquette

3. Analysis of Numerical Algorithms, Tom Trogdon

4. The Mystery of Generalization: Why Does Deep Learning Work?, Jeffrey Pennington
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What is a Random Matrix?

A random matrix is a matrix whose entries are random variables, not necessarily
independent.
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Goal of Random Matrix Theory is to understand their

- eigenvalues - norms - singular vectors

- eigenvectors - singular values © 2



Where do Random Matrices
Come From?



1928: Eigenvalues of Normal Covariance Matrices

THE GENERALISED PRODUCT MOMENT DISTRIBUTION
IN SAMPLES FROM A NORMAL MULTIVARIATE POPU-
LATION.

By JOHN WISHART, M.A., B.Sc. Statistical Department, Rothamsted
Experimental Station.
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dom Symmetric Matrices

ANNALS OF MATHEMATICS
Vol. 62, No. 3, November, 1955
Printed in U.S.A.

CHARACTERISTIC VECTORS OF BORDERED MATRICES
WITH INFINITE DIMENSIONS

By EvGene P. WiGNER
(Received April 18, 1955)

Energy levels of heavy nuclei,
compared with the random

i G - matrix theory prediction.
y Source: [Rosenzweig and Porter,
Hf, Ta,W, Re, Os, Ir  (odd) 1960]
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Model for high-dimensional phenomena

- Number Theory [Montgomery, 1973, il F iy
Keating, 1993]. 8 iy s
- Graph Theory [Erdos and Rényi, 1960]. e // \\
- Finance [Bouchaud and Potters, 2009]. / \\\
- Wireless communication [Tulino et al,, b c..,/ e
2004]
- Machine Learning ... Distribution function of gaps between eigenvalues compared

with histogram of gaps between ¢ zeros. Source: [Odlyzko, 1987]



Random Matrices in Machine Learning: Loss Landscape

Spin Glass model of the Loss Landscape
Early: [Amit et al., 1985, Gardner and Derrida, 1988, Dotsenko, 1995]

Late: [pauphin et al, 2014, Sagun et al,, 2014, Choromanska et al,, 2015, Baity-Jesi et al, 2018]
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Loss study through spin-glass model. Scaled test losses for the spin-glass (left) and the neural
network (right). Source: Choromanska et al. [2015] The Loss Surfaces of Multilayer Networks.



New methods and software’?3 to compute
Hessian eigenvalues of large models
[Ghorbani et al,, 2019, Yao et al,, 2020,
Papyan, 2020]

"https://github.com/amirgholami/PyHessian
? https://github.com/google/spectral-density/
> https://github.com/deep-lab/DeepnetHessian
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om Matrices in Machine Learning:

New methods and software’?3 to compute
Hessian eigenvalues of large models
[Ghorbani et al,, 2019, Yao et al., 2020,
Papyan, 2020]

" https://github.com/amirgholami/PyHessian
2 https://github.com/google/spectral-density/
3 https://github.com/deep-lab/DeepnetHessian

RMT model for the Hessian still an open
problem [Liao and Mahoney, 2021,
Baskerville et al., 2021] ...

Loss Landscape
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Random Matrices in Machine Learning: Numerical Algorithms

Analyze algorithms with random data.

0 Simplex [Borgwardt, 1987, Smale, 1983, Spielman
and Teng, 2004, Vershynin, 2009] etc.

- Conjugate Gradient [Deift and Trogdon, 2017,
Paquette and Trogdon, 2020]

- Acceleration [Pedregosa and Scieur, 2020,
Lacotte and Pilanci, 2020]

Suboptimality

—&— worst-case —&— average-case

lterations



om Matrices in Machine Learning: Numerical Algorithms

Analyze algorithms with random data.

—&— worst-case —&— average-case

0 Simplex [Borgwardt, 1987, Smale, 1983, Spielman
and Teng, 2004, Vershynin, 2009] etc.

- Conjugate Gradient [Deift and Trogdon, 2017,
Paquette and Trogdon, 2020]

Suboptimality

- Acceleration [Pedregosa and Scieur, 2020,
Lacotte and Pilanci, 2020]
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Topic of Part 3 of this tutorial



m Matrices in Machine Learning: Generalization
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As a model for generalization [Hastie et al, 2019,
Mei and Montanari, 2019, Adlam and Pennington, 2020,
Liao et al, 2020]
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Random Matrices can be used to model the double
descent generalization curve. Source: [Mei and Montanari,
2019] The generalization error of random features regression:

Precise asymptotics and double descent curve
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Building Blocks

Classical Random Matrix
Ensembles




Gaussian Orthogonal Ensemble (GOE)

Motivation: Model Hamiltonian
heavy nuclei
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Gaussian Orthogonal Ensemble (GOE)

Motivation: Model Hamiltonian
heavy nuclei

- Rotational invariant

for any fixed orthogonal matrix O,

law

AZ0'A0.

- Symmetric matrix.

- Independence

Entries A, i < j are independent.



Gaussian Orthogonal Ensemble (GOE)

- real n x n matrix
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Gaussian Orthogonal Ensemble (GOE)

- real n x n matrix
- N'(0,1) above diagonal
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Gaussian Orthogonal Ensemble (GOE)

- real n x n matrix
- N'(0,1) above diagonal
- Symmetric
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Gaussian Orthogonal Ensemble (GOE)

- real n x n matrix

- N'(0,1) above diagonal
- Symmetric

- N(0,2) diagonal
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Eigenvalues of GOE

n=100

Python pseudocode

o
+

import numpy as np
import matplotlib.pyplot as plt

density

-~
N

A = np.random.randn(n, n)
GOE = (A+A.T)/np.sqrt(2+n)

eig = np.linalg.eigvals(GOE) C)() y T T
plt.hist(eig) —2 0 2

eigenvalues
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Eigenvalues of GOE

n=1000
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Eigenvalues of GOE
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Eigenvalues of GOE

n=10000
Python pseudocode o

import numpy as np
import matplotlib.pyplot as plt

0.21

density

A = np.random.randn(n, n)
GOE = (A+A.T)/np.sqrt(2+n)

eig = np.linalg.eigvals(GOE) 00k ‘
plt.hist(eig) ) 0 )
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Empirical Spectral Distribution (ESD)

ESD of matrix A, = p.d.f. of an eigenvalue chosen uniformly at random

def 1
MESD—Mn—e Z (A

density
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Wigner Semicircle Law

JLEsp converges as n — oo to the semicircular distribution,

density

1
psc(0) B — /(4 —x2); dx.
2T
;fﬁfﬂkm‘i
£
021 / N\ Hsc
I )\
"‘ "‘V\/ignersemicircle
0.0 ‘ :
-2 0 2
eigenvalues

To know more: [Tao, 2012, Bai and Silverstein, 2010].

14



Wishart ensemble

X =random (d x n) matrix with entries i.i.d. A'(0,1)
Wishart (d x d) matrix, W = XTXT

Remarks

- W is symmetric, positive semi-definite
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Wishart ensemble

X =random (d x n) matrix with entries i.i.d. A'(0,1)
Wishart (d x d) matrix, W = £

Remarks
- W is symmetric, positive semi-definite
- Same non-zero eigenvalues than 1X'X
- 1X"X is Hessian of the least squares problem 5= ||Xw — y||?

- Parameter r = ¢



Wishart ensemble

n=100
Python pseudocode 1.01

import numpy as np
import matplotlib.pyplot as plt

= 1/2 # for example ‘
np.random.randn(n * r, n)

r
X
W = np.dot(X, X.T) / n LISL | (4, _

eig = np.linalg.eigvals(w) C) 1 2
plt.hist(eig) eigenvalues



Wishart ensemble

Python pseudocode

import numpy as np
import matplotlib.pyplot as plt

= 1/2 # for example
np.random.randn(n * r, n)

r
X =
W = np.dot(X, X.T) / n

eig = np.linalg.eigvals(Ww)
plt.hist(eig)
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Wishart ensemble

n=1000

Python pseudocode
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Wishart ensemble

Python pseudocode

import numpy as np
import matplotlib.pyplot as plt

= 1/2 # for example
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Wishart ensemble

n=10000

Python pseudocode

import numpy as np
import matplotlib.pyplot as plt
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Limit of Wishart matrices

Marchenko-Pastur (MP) law [Marcenko and Pastur, 1967]
As n,d — oo, % — I, uesp converges to the Marchenko-Pastur distribution:

def N VAT =X)(Xx = A
Hpp(X) = (1- %)A()O(X) + \/( 2”I)’(X )1X6[A7'A7] e
N— "

nonzero if r > 1
with A~ = (1= V)2, At = (14 V1)

> \
§O~5 N Marchenko-Pastur
© ﬁ Ny
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_d
The r = 7 parameter

- r<1 = d<n = Wis product of two fat matrices.
cr>1 = d>n = Wis product of two thin matrices (rank-deficient).

10 r=0.2
ey
@ —
@ 0.5 pp (%) £ (1 - 1)+00(x) + e 2:,),5( ! )1X6[)\*.)\*] dx.
© nonzero if r > 1 /
0.05= 1 -
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The r = ¢ parameter

- r<1 = d<n = Wis product of two fat matrices.
cr>1 = d>n = Wis product of two thin matrices (rank-deficient).

. r=0.5
Py
= = -
- 0.5 pup(¥) & (1 - },)vo‘o(x)+¢(A ;TXZE(X*A )1xe[/\ ardx.
9 7
nonzero if r > 1
0.0 O)‘ = 2

eigenvalues



The r = ¢ parameter

- r<1 = d<n = Wis product of two fat matrices.
cr>1 = d>n = Wis product of two thin matrices (rank-deficient).

density

r=0.9

o\ 2

eigenvalues

Fewp (X) &ef (1= ;)A()‘O(x) + \/(/\A —X)(X = A7)

— 2mr X
nonzero if r > 1

1xc[)\7.)\-] dx.



The r = ¢ parameter

density
NO

- r<1 = d<n = Wis product of two fat matrices.
cr>1 = d>n = Wis product of two thin matrices (rank-deficient).

r=1.0

Fewp (X) &f (11— ;)A()‘O(x) 4 \/(/\A —X)(X = A7)

— 2mr X
nonzero if r > 1

1xc[)\7.)\-] dx.

o\ 5 P

eigenvalues



The r = ¢ parameter

- r<1 = d<n = Wis product of two fat matrices.
cr>1 = d>n = Wis product of two thin matrices (rank-deficient).

0314 =2.0
202 - -
z () 2 (1 = 4500 + YA ZOC= AT, .
% O 1 ] nonzero if r > 1 o |
0000 25 5.0

eigenvalues



The r = ¢ parameter

- r<1 = d<n = Wis product of two fat matrices.
- r>1 = d>n = Wis product of two thin matrices (rank-deficient).

010, 4 r=5.0
£ AT A~
£ 0.05] pup2 2 (1= )00 + L4 S A .
© J(—\\\ nonzero if r > 1

000 =35 10

eigenvalues



Universality

Covariance matrices W = %XXT
What happens if we replace the A/(0,1) with a different distribution?

© Xij ~ N(0,7)
* Xjj ~ Rademacher Pr(Xjj = —1) = Pr(X; = 1) = 5

19
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Universality

Covariance matrices W = %XXT
What happens if we replace the N(0, 1) with a different distribution?

© Xy~ N(0,1)
+ Xjj ~ Rademacher Pr(X; = —1) = Pr(X; = 1) = 5
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Universality

Universality

- Statistics only mildly depend on the lower order moments of distribution of the
entries
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Universality

Universality

- Statistics only mildly depend on the lower order moments of distribution of the
entries

Example: Marchenko-Pastur [Marcenko and Pastur, 1967]
Let X be a d x n random matrix with i.i.d. entries that verifies

EX;] =0, E]=1 E[X]< oo

Universality:  As n,d — oo with % — 1, the ESD of W = XTXT converges to
Marchenko-Pastur(r)

20



Other matrix ensembles

- Ginibre. Let G, be n x n matrix of i.i.d. N(0,1), (bilinear games [Domingo-Enrich et al., 2020])
(Circle law) ESD of G,/+v/n — Unif(disk).
- Uniform probability measure on orthogonal matrices. V ~ Unif(O(n)),

ESD of V — Unif(S").
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