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Stieltjes Transform



Maximum entropy principle

A disordered (real world) system will be random in all ways that are
not explicitly prevented.

Conversely, a matrix is interesting only in those ways it fails to look
like a random matrix.

Notes of Elliot Paquette and the thesis, A random matrix framework for large

dimensional machine learning and neural networks by Zhenyu Liao



Example MNIST

MNIST M (60, 000 x 28 x 28), form sample covariance matrix, S = mMMm"

Does S look like a random matrix?
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Observation 1: 1 giant eigenvalue, M has non-zero mean



Example MNIST

Remove large eigenvalue
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Example MNIST

Observation 2: There is a bulk component
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- Fit bulk with Marchenko-Pastur(1) to correspond to point mass
- Large eigenvalue correspond to interesting outliers
- May be "hidden” (weak) outliers in the bulk eigenvalues



Method 1: Stieltjes transform

Stieltjes transform

M) = [ 7wl

zeC, $(z)>0, pisP-measureonR

1 .
lim =S (m,(x + 1
E'faﬂ\f( u( +E)):M



Method 1: Stieltjes transform

Stieltjes transform

@) = [ 5 ()

rt—2
zeC, $(z)>0, pisP-measureonR

Theorem (Stieltjes inversion)

1 .
lim =S (m,(x + 1
E'faﬂ\f( u( +E)):H

Example: p is law of Unif([—1,1])
Stieltjes transform:

1 _
@ =3 [ o< a=3 [ = g (L22)

t—z 2/ 4t—2 2 —1-z
1 i <1
Inversion im S (1 1=z | 0, if 1
m — 10, .=
o \2 S\T1_2 B o X >
* X =1



Empirical spectral distribution and Stieltjes

,I n
ESD of At pin = Z Sx,(4)

=1

Stieltjes transform of ESD

If for each z € C, $(z) > 0, and

My, (2) o mu(2) = pn —



Resolvent
def —1
Q(z) = Resolvent of A = (A — zly)
Remarks
For nice random matrices (GOE, Wishart, sample covariance),
Resolvent of A &~ ma(2)ly

where m, is the Stieltjes transform of A. That is, for any unit vector u
independent of A,

uT(A—zlg) 'u= ma(z)  (weak sense)

*This gives not only eigenvalues but also eigenvectors



Marchenko-Pastur and Stieltjes

Lemma:
Suppose x € RP has i.i.d. entries of mean zero, unit variance. Then

x'Ax —trA — 0

Wishart: W= 1xX", XeRI", d/n—re (0)

| 1
X=|X; X, --- X,| = Resolventof W= Q,(z :( Zxx —zld>

Question: What is the Stieltjes transform of Wishart W?

Suppose 3 Q(z) € C™? sit. 1tr(Qn(2) — Q(2)) — 0 (Stieltjes of MP = tr(Q(2)))

Fact:  |itr(Qq(2)(Q(2)~" +2zl5)Q(2)) — 1 Zx, 2)Qu(2)x;| — 0



Marchenko-Pastur and Stieltjes

Linear algebra to construct self-consistent equation for tr(Qn(2)):
Remove 1 column and 1 row: fo) %)
/_/%

,] n
Qn = (an,-x(-T—zld> = ( xix] + Zxx —zld)
e

ﬂ4QnMMQm

= -
1+ n=xQ"x

(Sherman-Morrison)



Marchenko-Pastur and Stieltjes

Linear algebra to construct self-consistent equation for tr(Qn(2)):
Remove 1 column and 1 row: fo) %)

—_—~
1 & - 1 1 & -
0 - (nzx,-xr—z:d) = (Lo s 1S -,
i=1 =2

ﬂ4QnMMQm

= OE,” — (Sherman-Morrison)
14+ n- WXTQ
057), Xy independent = x; QQn tr(QQ“)) and x, Qn = (Qg))
d~'x[QQmx1 = *Wtrmon”) ~ *Rr(oon)

14n=1tr(@P) . T+n-Ttr(Qn)



Marchenko-Pastur and Stieltjes

Linear algebra to construct self-consistent equation for tr(Qn(2)):
Remove 1 column and 1 row: fo) %)

—_—~
1 & - 1 1 & -
0 - (nzx,-xr—z:d) = (Lo s 1S -,
i=1 =2

ﬂ4QnMMQm

= Qg) — (Sherman-Morrison)
T+ n— WXTQ
Q", x; independent = x7QQ{"x, = tr(QQY") and xTQ"x, = tr(Q{")

d~'tr(@a’) __ d~'tr(Qq,

WXW QQyx; = 1+n—r1(tr(Q£1))) ~ 1+n*r1(tr(0n))

. d7'tr(Qq,
LYy o~ frHE 1
1 ! = Q '+zl4=

—
B 14+ ﬂ_qtr(on)
d7tr(Qu(Q" +710)Q) ~ Foes

1 =1
o= (- @) "



Marchenko-Pastur and Stieltjes

- B o = e 1 -
Stieltjes of Wy = mw, (2) = d ™ tr(Q,) ~ d~ 'tr(Q) = ( z+ Trrdoran) d*tr(Qn))

1



Marchenko-Pastur and Stieltjes

. B o = e 1 -
Stieltjes of Wy = mw, (2) = d ™ tr(Q,) ~ d~ 'tr(Q) = ( Z+ Trrdta) d*Wtr(Qn))
Fixed point equation for trace (r = lim 9):

1
mw,(2) = ————— +¢(n,2), e(n,z) —— 0
—Z+ W n—o0o
Fixed point for Marchenko-Pastur, MP:
1
mup(2) = ————, Note: m(z) ~ 5 asz — oo

7
—Z + W+I’-mmp(Z)

v’ solve numerically V' many dist. satisfy fixed point egn.
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Marchenko-Pastur and Stieltjes

. B o = e 1 -
Stieltjes of Wy = mw, (2) = d ™ tr(Q,) ~ d~ 'tr(Q) = ( z+ Trrdoran) d*tr(Qn))
Fixed point equation for trace (r = lim 9):

1
mw,(2) = ————— +¢(n,2), e(n,z) —— 0
—Z+ W n—oo
Fixed point for Marchenko-Pastur, MP:
1
Mwp(2) = ———, Note: m(z) ~ 5 asz — oo
_Z+ W+I’-mmp(Z)
v’ solve numerically V' many dist. satisfy fixed point egn.

Stieltjes transform of Marchenko-Pastur

1-r—z+ O+ V= 2(( = VP =2)

21z

I’TIMP(Z) =

1



Bulk + outliers

How do we model this?
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Model: Marchenko-Pastur +  Spikes



Sample covariance matrices

Set-up
- Covariance matrix, C, (symmetric, positive semi-definite matrix)
- Noise matrix, Z € RY*" (mean 0, variance 1, i.i.d.)

- n'/9 < d < ndforsomed >0
xx"
- X=C"?Z Form —

- ||CJ]> < constant, independent of n



Sample covariance matrices

Set-up
- Covariance matrix, C, (symmetric, positive semi-definite matrix)
- Noise matrix, Z € RY*" (mean 0, variance 1, i.i.d.)

- n'/9 < d < ndforsomed >0
xx"
- X =C"?Z Form —

- ||CJ]> < constant, independent of n

Stieltjes of XTXT =tr[(lg — ZXTXT)_W] ~ Im(z) +

where m(z) = (—z+ 1tr[C(lq — ﬁ?(z)c)_]])i1

SR g QORF X'x . . ]
v m(2) = Stieltjes transform == v implicit egn, solved numerically



Examples of Sample Covariances

See Colab for details
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R-Transform



Example Hessian of 2-layer Network Model

Setup
- WO e Rm*M and W@ e R™*M weight matrices, i.i.d. N(0,1)
© x € R™*M s input data and y € R™*™ targets
- g : R — R activation function

“n=ng=n=nyand ¢ = £
outputs: ¥ =WAgWVx)  residuals: e; =y; —y;

Goal: {76) = o 1w 20w -y}

min
0:[W(W) 1w(2)]



Example Hessian of 2-layer Network Model

Setup
- WO e Rm*M and W@ e R™*M weight matrices, i.i.d. N(0,1)
© x € R™*M s input data and y € R™*™ targets
- g : R — R activation function

“nN=ng=ny=nyand ¢ =

outputs: ¥ =WAgWVx)  residuals: e; =y; —y;
1
. i - lw®@ My — yII2
Goal: az[ml)vw(z)] {f(e) > (W< g (W x) — y|| }

Hessian: H = Hy + H,

ny,m

Vi Y 1N 9%
if 1) - 1)
[Holas = Z 90, 90, °nd [Hlas = D_Cigg 005

ij




ts of the Hessian during Training

H's Eigenvalues

Hessian: H = Hg + H;

Eigenvalue
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Question: How do you model eigenvalues of H from Hy and H;?

Images by McGill undergraduate, Ria Stevens
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R-Transform

Tool for writing simple formulas for densities from known densities



Free convolution of measures, s B ug
If A, B two random matrices with ESD, ua and ug,

ESD of A+ B = pp B ug

provided matrix sizes large and matrices asymptotically free.
(side note: product of matrices version)




Asymptotically free matrices

Orthogonal invariance
An A random symmetric matrix is orthogonally invariance if for any
fixed orthogonal matrix O

0'A0 ¥ A

Multiples of the Identity
Wishart with Gaussian entries

GOE with Gaussian entries

19



Asymptotically free matrices

Suppose {A,} and {B,} are n x n random matrices. If the following

A, and B, are independent
A, is orthogonally invariant

Then A, and B, are asymptotically free and ua, B pg, = pa, +8,

Intuition: Eigenvectors of A, are completely unaligned from B,

20



Stieltjes and R-transform

R-transform is inverse of Stieltjes of m

Examples

- Buu’ is Rgyyr = ﬁ
!

: RMarchenko—Pastur(r)(S) = T—sr

: Rsemicircle(s) =S

21



Calculus for spectral densities

If A and B are asymptotically free,

RMA+B = RHAEN'B - RHA(S) + R“B (S)

Remark
R-transform & Stieltjes transform < Spectral density

Example
Root + wishart = Rsemicircte + Rmp = _ S+
GOE + Wishart semicircle MP 1_sr
GOE N——

Wishart

22



ts of the Hessian during Training

H's Eigenvalues

Hessian: H = Hg + H;

Eigenvalue
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Images by McGill undergraduate, Ria Stevens
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Model for the Hessian

nye d:eff(@) Hessian: H = Hy + H,
Modeling Assumptions
- Hy is Marchenko-Pastur
- Hg and H; are asymptotically free
“n=ng=n=nyand ¢ = &£

EPS

R-transform of H;: Ru,(s) = T egis?

R-transform of H
1 EPS

RuS) = T=55 + 7w

24



Questions?

24
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